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A. INTRODUCTION

During the last thirty years there have been many developments in the mathe-
matical algorithms, computer programs and experimental techniques used to deter-
mine equilibrium constants in solution [1,2]. Developments are continuing apace,
spurred on by the fact that the experimental investigations are being directed at ever
more complex systems. In particular, the identification and characterization of species
present in biofluids, surface and underground waters, effluents, etc. constitutes an
important present-day problem which demands the use of modern analytical tech-
niques and computer programs that can be used to determine the formation constants
of all the species present in these natural solutions.

Our contribution in this field has been to develop a series of programs to be
used for the refinement of formation constants based on potentiometric titration
data. The first of these was called LEAST [3]. In LEAST, a least-squares function
was minimized which permitted, for the first time, the use of analytical expressions
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for the partial derivatives required by the minimization. Mainly as a result of this,
LEAST was much faster and more stable than the other programs available at that
time, which used numerical expressions for the requisite derivatives. However, LEAST
was restricted to systems containing at most one metal ion and one ligand. In
MINIQUAD [4], we have developed a program based on the same minimization
procedure as LEAST but with more general applicability; MINIQUAD can handle
systems with two metal ions and one ligand (competing equilibria) or two ligands
and one metal ion (ternary complexes) and also offers the possibility of using more
than one ion-sensitive electrode. MINIQUAD has been used extensively all over the
world. Various improvements were made in MINIQUAD?75 [5] which resulted in
greater execution speed.

The experience acquired in the application of this program was of considerable
value in the development of the next program in the series, SUPERQUAD [6]. As
well as using a different algorithm, which allowed statistical testing to be properly
applied for the first time in any potentiometric system, new facilities were introduced
for the refinement of the amount of substance used and of the standard electrode
potential. The new facilities were needed in order to quantify equilibria involving
ligands which cannot be satisfactorily purified, such as peptides isolated from living
systems. SUPERQUAD also incorporated a species selection procedure in order
that it may be used as a tool, not only for equilibrium constant determination, but
also for selection of the best chemical model for a system.

To move forward in the field of solution equilibria, the development of new
experimental techniques and new programs must go hand in hand. We feel that a
useful experimental direction to take lies in the simultaneous acquisition of data by
more than one technique. To go in this direction, a new computer program will be
needed capable of handling both potentiometric data and data from another source
such as spectrophotometry. We have written such a program and called it HYP-
ERQUAD. This program will offer all the facilities for model selection on multi-
component equilibria that were built into SUPERQUAD; it is at present undergoing
testing and development of the user—data interface.

In this paper we will describe in detail the mathematical algorithms used in
the above-mentioned programs and the services they provide. Our object is to provide
a clear picture of the possibilities and limitations inherent in the programs. We hope
that this will be useful to potential and actual users by giving them a deeper
understanding of the methodology in order that they may use the programs more
effectively. It should also provide a basis for new developments.

B. THE METHOD OF LEAST-SQUARES

All the programs that we shall discuss are based on the method of least-squares
[7]. As an introduction to the various algorithms, we must first give a brief summary
of this method outlining the formalism that will be used. We begin by defining a
model of the chemical system. Suppose that n observations have been made. Corre-
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sponding to each observed quantity, /7, there is a calculated value, fi(v;, 1, ..-> Pm)s
which is a function of the ith independent variable, v;, and a set of m parameters,
P1, ..., Pm- This functional relationship defines the model. We define the residuals, r;,
in eqn. (1).

L =f10 _ﬁ(vi’ pla---’pm); l'={7'1,..., rn}T (1)

The method of least-squares is used to calculate that value of the m-vector, p,
of parameters that minimizes U, the weighted sum of squares and products of
residuals (eqn. (2)). U is called the objective function.

U= Z 2 VV,,ir;,l’,-; U=l’TWl‘ (2)
h=1mi=1m

W,;is an element of the weight matrix W, which should be the inverse of the variance—

covariance matrix of the observations. When, as is often the case, the observational

errors are uncorrelated, W is diagonal and each of its elements, W;, is the reciprocal

of the variance of the ith observation; in this case the objective function simplifies

to a weighted sum of squared residuals

U= ) Wyl 3)
i=1,m

The minimum of the objective function is to be found by setting its partial
derivatives with respect to each parameter to zero.

—=—22mi(rh9ﬁ+ri%)'=o; g=—2"Wr=0 @
i hod op; Op;
g is called the gradient vector, and contains the m elements 6U/dp;. J is known as
the Jacobian matrix whose elements are the partial derivatives 9f;/0p;.

In linear systems, f; is a linear combination of the parameters, f= Jp, so the
residuals become r = f° — Jp. If this expression for the residuals is substituted into
eqn. (4), we obtain the so-called normal equations

—2TW(f°—Jp)=0

0 &)
T Wlp=I"Wf

However, in equilibrium systems, the models are non-linear and a method of succes-
sive approximations must be used. It is first necessary to estimate values for the
parameters. Let the vector of parameter estimates be p°. Ideally these parameter
estimates should be close to their optimal values, i.e. close to those values for which
the gradient vector is zero. Each element of the gradient vector is now expanded as
a first-order Taylor series about p°.

% .

.= 0+ p— 0
g =25 k;m apk(pk pY) o

g=g"+Hs
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Since g is zero at the minimum, eqn. (6) can be written as

Hs=—g" ()
and the normal equations as

Hs=2J"Wr ®

s is known as the shift vector. The matrix H is known as the Hessian and its elements
are obtained by differentiating eqn. (4).

0g; ( o*f; oy Ok ofi  Of: 5fh>
2= Wil T +rho TS A T A AL 9
O ; Z "\ "op;op. = 'Op;op. Op. Op; Opi Op; ©)
02f; s >
C- = Wi T, - +r,~ 10
Jk ; Zl: " ( hapjapk aI-lial’k (10
H=2J"WJ-2C (11

On substituting eqn. (11) into the normal eqn. (8), we obtain eqn. (12), the classical
Newton-Raphson equations.

(JTWI—C)s=J"Wr 12)

The residual vector r represents the difference between the observed values and the
values calculated with the initial parameter estimates.

If, now, we set the matrix C equal to zero (as it is in a linear system where f=Jp)
we obtain eqn. (13), the normal equations of the Gauss—Newton method.

JTWIs=JT Wr (13)

Solution of these equations yields the shift vector, s. If the first-order Taylor series
expansion (6) is valid, then adding the shift vector to the vector of parameter estimates
gives those parameters for whose values the gradient vector is zero. If the expansion
is only approximate, the sum s + p° becomes a new initial parameter estimate, and
the process must be repeated iteratively. It continues until some convergence criterion
is satisfied. At that point the objective function has its minimum value, U,;,.

Upon convergence, the variance—covariance matrix of the parameters is
obtained by error propagation as

U..
M(p)=ﬁ(ﬂWJ)“1 (14)

Hence the parameter standard deviations and correlation coefficients are given by

o;=[M(p):] 1z

(15)
Pij = [(Mij/Miiij)]llz
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(i) Concentrations of species in solution

Let there be a set of n, reactants A, B, ... in solution. The total concentration,
TS, of reactant A at any point in a titration is given by the quantity (in mmoles if
the volume is in ml) present initially plus the quantity added during the titration,
divided by the total volume.

0 (initial quantity), + (burette concentration), x volume added
A =

initial volume + volume added (16)

There will be similar expressions for the other reactants. In the case of a coulometric
titration, the total hydrogen ion concentration would be given by

0 (initial quantity)y — (rate of hydroxide mass generation) x time
H _

volume (17)

We use the convention that the total concentration of hydrogen ions in pure water
is zero, and that adding hydroxide is equivalent to subtracting protons.

Let the reactants form n, species in solution with stoichiometric coefficients
ab, ...

aA+bB+ ...=A,B,... (18)

The concentration, C;, of the jth species is defined in terms of the coefficients a;, b;, ...
and a cumulative formation constant f;.

C;=[A,,By,..1=B,[AJ“[B]" ... (19)

Here, any electric charges carried by the species have been omitted for convenience.
The total concentration of each reactant at equilibrium is constrained by a condition
of mass balance.

Ta=[A1+) a;C;
T =[B] +Y b;C; (20)

Note that, if the formation constants are known, the set of n, eqns. (20) can be solved
for the “free” concentrations [A], [B], ... and hence all the species concentrations
can be obtained from eqn. (19).

Potentiometric measurements are made with ion-selective electrodes, such as
the glass electrode which is sensitive to protons. The response of the electrode is
generally assumed to follow a Nernstian type of law.

E = E° + slope x log.[A] (21

E is the measured potential, E° is the standard potential of the electrode and slope
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is a factor equal to RT/nF in the ideal case. If the electrode gives pH readings, an
arbitrary standard potential can be assumed.

The experimental data consists of burette readings with corresponding electrode
potentials. At each point in the titration, the “free” concentrations that satisfy the
conditions of mass balance are unknown, but calculable, given a set of formation
constants. An alternative view is that an electrode reading gives the concentration
of the corresponding free ion, and that the other free-ion concentrations are unknown.

A major problem is the derivation of initial estimates for the formation con-
stants. This problem will not be discussed here. However, success in the refinement
of formation constants is sometimes critically dependent on the quality of the initial
estimates.

C. THE PROGRAMS LETAGROP AND SCOGS

LETAGROP [8-10] was the first computer program to be applied to general
equilibrium problems. The method of minimization was the Newton-Raphson
method (eqn. (12)). When the objective function is the sum of squared residuals in
electrode potential, it is not immediately obvious how the derivatives 0U/dp; can be
calculated. Ingri and Sillén [9] therefore devised a method for approximating these
derivatives by a difference formula

oU _Ulp;+9)—Ulp))
ap; )

(22

In LETAGROP, the “free” concentrations were found by solving the n, non-linear
equations of mass-balance (eqns. (20)).

The next general purpose program to be published was SCOGS [11-15]. In
this program, the objective function was based on the titre volume; hydrogen ion
concentration was taken from the electrode reading and the free concentrations of
the other species were obtained by solving the other n, — 1 mass-balance equations.
Given the free concentrations and formation constants, one may calculate the total
concentrations from eqns. (20) and hence the titre volume from eqn. (16). Once again,
the derivatives, in this case dv/0p;, were obtained by means of a difference formula.

D. THE PROGRAMS LEAST AND MINIQUAD

In view of the unsatisfactory nature of the numerical approximations for
the derivatives required in least-squares minimizations of the objective function in
LETAGROP and SCOGS, we looked for an objective function which would make
it easy to give expressions for the elements of the Jacobian. The function chosen was
the weighted sum of squared residuals in total concentration
U= z w; (TS — T, + (TR — Tg)*...] (23)

i=1,n
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T%, T3 are the concentrations calculated from eqn. (16), whilst T, Ty, ... are the
concentrations calculated from eqns. (20). As implemented in LEAST [3], n, may
only be either 2 or 3. Let us look at the latter case, and denote the three reactants
as A, B and H. The free proton concentration was taken from the electrode reading,
leaving [A] and [B] unknown at each titration point. These unknown free concen-
trations were designated as parameters of the refinement. The required derivatives
are found by differentiating the eqns. (20).

[B] 66[7];] Sa8[B1+Y a;b;C;; S5 =0when A=B, and | when A#B 24)
i a[ﬁ] =X 4C; *

Note that the derivatives have been scaled by multiplying each one by the relevant
parameter. This scaling serves two purposes: it gives the expressions for derivatives
as linear combinations of the species’ concentrations, and hence gives derivatives of
comparable magnitude. The form of the Jacobian for n, = 3 is shown in eqn. (26).

a; by &11--8na
¢y dy hig .o by
el fi 11 el
a, b, 812---8m2
¢, dy hiy...hy,,
e |2 i12 ol
as b, £13:+-8n3 (26)
¢y di hiz...hy3
es fs i13 oripa
y by | gin-e B
Cn n | hipeo iy
ey ful|itn - inn

a=[A]0TA/0[A]  b=[BIOT,/3[B]  g=B,dTa/0B;
¢=[A10Ty/0[A]  d=[B10T,/0[B]  h;=p;0Ty/0f;
e=[A]0T,/0[A]  f=[BIoT/o[B] i, = B,dTc/0f;
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Each derivative has a further subscript which indexes the titration point. The normal
equations derived from this Jacobian are shown in eqn. (27).

— — - A[ATL/[ALL -
x X XX A[B],/[B],
XX X...X A[Al/[Al,
XX X...X A[B],/[B],
X X X ... X A[A]s/[Ads @7)
x X X X A[Bl;/[Bl; | =—
X e x| x X AB. /By
X e x{x oo x| | ABu/Bu

The normal equations matrix is of order 2m + n, and sparse. However, writing the
normal equations in the block form

(o )(0)-(2)
Bg B, §2 —82

the solution can be written as

52=(33_B§Bl—132)—1(3531—181“gz) (29
and
s;=—Bi'(g, + B,g,) (30)

The advantage of this solution is that it involves inversion of matrices of order 2
and n,, which are much smaller than the full normal equations matrix.

Having implemented this algorithm, the next stage was to compare its perfor-
mance with other programs [3]. Using three sets of experimental data, LEAST was
compared with versions of SCOGS (SCOGS/1) and LETAGROP (LG/3). It was
found that the numerical values of the parameters obtained using all three programs
were within the limits of experimental error. Also, whilst LG/3 used about 60% of
the time used by SCOGS/1, LEAST used about 30% of the time needed by LG/3.
A version of LEAST which used the Newton—Raphson minimization was compared
with a version using the Gauss—Newton minimization; it was found that the Newton—
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Raphson method gave identical results but took 2—4 times as much time. Weights
proportional to (1/f°)? were also investigated; weighting had minimal effect. It was
concluded that LEAST employed a sound algorithm.

After examining a pseudo-Newton method [16], we decided to use LEAST as
a basis for a general-purpose program, which we called MINIQUAD, from the
Italian MINImi QUADrati, meaning least-squares [4]. LEAST was re-written, and
extended in various ways. The number of reactants allowed was 2-5. Either one or
two electrodes, either one reading in pH or EMF could be used. The possibility of
a coulometric titration was introduced. Mathematically, the minimization was pro-
tected against divergence by a process of optimizing the length of the shift vector.
The program was tested on a variety of experimental data before being released; it
then became widely adopted as the standard program for refinement of formation
constants. Let us summarize its salient features.

(a) All the partial derivatives needed in the algorithm are obtained from
analytical expressions. This removes the errors inevitably introduced into the compu-
tations by the process of numerical differentiation, and eliminates the problem of
having to choose an increment ¢ for the formula (22). Also, numerical differentiation
requires two sets of calculations, for E(p + 0) and E(p), so any program using this
procedure is expected to take at least twice as much time.

(b) The parameters refined are all the unknown quantities, including those
“free” concentrations not determined potentiometrically.

(c) The objective function minimized involves all the mass-balance equations
with equal weight, so that no one reagent is treated as different from the others. The
total concentrations of all reactants are considered to be affected by experimental
error.

(d) The use of scaled derivatives in the Jacobian confines the elements of the
Jacobian to a limited interval, which confers numerical stability on the solution of
the normal equations.

(e) It is possible, in principle, to analyse systems containing any number of
reactant species, using any number of electrodes. Formation constants for mono-
nuclear, polynuclear or hydrolysed complexes can be refined.

(f) Upon convergence, the residuals are plotted out, and can be analysed
statistically to evaluate the goodness of fit. Species concentration plots may also be
produced.

(g) The program was written in a “portable” subset of FORTRAN so that it
could be compiled on any computer. The plots referred to above were line-printer
plots chosen because they do not need any special plotting device. Because the
program was designed for “export”, it travelled well to many different laboratories.

E. MINIQUAD7S

We found two ways in which to improve the algorithm used in MINIQUAD.
Firstly, it was felt that the process of refinement of the unknown free concentrations
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was wasteful. The free concentrations were eliminated as parameters as follows. The
shift vector for the formation constants was calculated as before (eqn. (29)) and the
formation constants were updated, but instead of calculating shifts for the free
concentrations (eqn. (30)) the n, unknown free concentrations were calculated by
fitting the n, mass-balance equations by the Gauss—Newton method. In this way, the
unknown free concentrations are optimal for the new set of formation constants. It
was found that this procedure resulted in a much faster convergence, since the
unknown free concentrations approached their ultimate values much more quickly.

Secondly, the protection against divergence was improved by replacing the
shift-length optimization by a rotation procedure based on a Marquardt parameter,
which is now recognized by most numerical analysts as a superior procedure. The
key to implementing this lay in the recognition that the normal equations (27) could
be solved without having to consider the elements which are equal to zero. The
Choleski factorization of the normal equations matrix, LLT = B leads to factors
which have the form

X
X X
X
X X
x €3y
X X
B x | x
X teereaae e e e x| x . X

X e e x| x (32)




A. Sabatini et al./Coord. Chem. Rev. 120 (1992) 389-405 399

Addition of the Marquardt parameter to the diagonal elements of the normal
equations matrix makes no difference to the form of the factorization, so that the
modified normal eqn. (33) can be solved directly.

(JTWJ + iD)s=JT Wr (33)

/4 is the Marquardt parameter, and D holds the diagonal elements of J* WJ. The
Marquardt parameter was chosen efficiently by using Fletcher’s strategy [17].

These improvements are complementary. The first works well when the current
estimates of the formation constants are close to the ultimate values, and the second
works well when the current estimates are bad estimates. We incorporated both in
the program MINIQUAD7S5 [5] by alternating a refinement cycle using the first
improvement with five cycles using the second. This resulted in a running speed 2-3
times faster, together with greater tolerance to poor estimates of the formation
constants.

F. THE PROGRAM BEST

One criticism that can be levelled at the programs described so far is that the
refinements are not based on the residuals in the observed quantities, volume and
pH, though SCOGS uses residuals in volume. This appears to be a motivation behind
the program BEST [18], which minimizes the sum of squared deviations in pH. This
program has a number of interesting features. The residuals are assigned weights
equal to (1/ApH)?, which, assuming the volume increments are equal, is equivalent
to weighting the points in inverse proportion to the slope of the titration curve. The
minimization is based on direct incremental variation of the parameters, thus avoid-
ing the use of derivatives of the objective function altogether, at the expense of
refinement speed. The program is highly interactive, and also permits the refinement
of quantity for use in those cases that the substance cannot be purified. Listings on
both paper and disk are included in ref. 2, as are details on the various options.

G. THE PROGRAM SUPERQUAD

We should assume that both titre volume and pH (or electrode potential) are
subject to random error, since they are both experimental measurements. No pub-
lished program hitherto included this assumption. In the light of this, we have sought
to develop an alternative refinement procedure based on the objective function
U= ;.—21 ._21: Wii(ER — Ex)(E? — E)) (34
The problem which has to be solved before this function can be minimized by the
Gauss—Newton method is how to obtain the derivatives JE;/df;. The formation
constants do not appear in the Nernstian eqn. (21), so implicit differentiation must
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be used. Silién and co-workers [8—10] adopted a numerical method for obtaining
derivatives.

The derivatives of electrode potential with respect to any parameter, x, may be
obtained as follows. Differentiation of eqn. (21) with respect to E° yields the derivative
directly; differentiation with respect to a general parameter, x, yields eqn. (35).

0E _ 0E J[A] _ slope d[A]
ox  o[A] ox  [A] ox

(33

The partial derivative d[A]/0x is obtained [19] by solving the set of simultaneous
equations

oT, 0T, x O[A] N
(Alora; Blomy | | Ta] ox ¥ ax

T, 0T, x 0[B] |= 0T, (36)
A ora7 BBy || 37 o T ox

The coefficients on the left-hand side are found, as before, from eqn. (24). The right-
hand side takes different forms according to the nature of the parameter. If it is a
formation constant, eqn. (25) is used. Alternatively, the parameter may be initial
quantity or burette concentration in which case the derivative is obtained by
differentiating eqn. (16). The unknown free concentrations are found by solving the
n, eqns. (20) of mass balance. The solution consists of an iterative Newton-Raphson
refinement, using

oT, T, A[A]
[A)30A7 Bl5may - | [ TaT AT,

0T, 0T, A[B] | = (37)
(A1 50A7 BBl || 6 AT

It should be noted that the matrix of coefficients in (37) is the same as that in (36);
consequently, once the free concentrations have been refined, all the quantities
required to calculate the derivatives of potential with respect to the parameters are
immediately available.

The weights given in the objective function (34) are calculated according to the
“rigorous” method of least squares [7] as follows. We assign constant values to the
errors in potential, and in volume, denoted by o and oy, respectively. Assuming
that there is no correlation between the errors at different titration points, the
variance—covariance matrix is block-diagonal, the order of the blocks being the
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number of electrodes used. Hence, when two electrodes are used each block has
the form

ok + (0E/ov)*6?  (OE/dv)(0F [0v)e? 68)
(PE/0v)(OF |ov)e% o+ (OF |ov)* a2

Where E and F are the two electrode potentials. With one electrode, the variance of
the observation is given by o + (0E/dv)*6%. This formula can also be derived from
a consideration of the propagation of the titre error onto the measured potential.
The slope 0E/év is calculated by numerical differentiation of the experimental titration
curve. It should be noted that in BEST, the weights are obtained by dropping the
term o3.

These procedures were incorporated in the program SUPERQUAD [6], so
named because it SUPERcedes miniQUAD. SUPERQUAD is an extremely powerful
program for formation constant refinement, which can treat data from almost any
conceivable kind of potentiometric titration. It offers a number of facilities not
previously available, such as the refinement of initial quantity, burette concentration
and standard electrode potential. Furthermore, constraints can be applied to the
parameters, something which is particularly useful when dealing with substances of
unknown purity. Another way in which SUPERQUAD differs is that formation
constants are allowed to assume negative values during a refinement. The idea
underlying this is that, if a refinement converges to a point where one or more
formation constants are negative, then it is the model which is wrong, not the
refinement process.

The complete solution of a chemical equilibrium problem requires that a model
be identified which gives an adequate representation of the experimental data, within
experimental error. This model also specifies the concentrations of all the species
present in solution in any given set of experimental conditions. The refinement of
the formation constants is only a stage in the more general problem of species
selection. SUPERQUAD is the only program which incorporates an automatic
species selection procedure. It works as follows. The data includes a “basis set” of
formation constants which includes all which might be needed in the final model.
Each formation constant is associated with a refinement key which may be 1
(refinable), 0 (constant) or —1 (ignored) in any given refinement. If the result of a
refinement is a negative formation constant, its key is set to —1 and the new model
is automatically refined. Otherwise, a new model is specified by supplying a new set
of keys. A record is kept of the best model in terms of the refinement keys and the
value of the objective function, which is, of course, the lowest attained with the
models examined to that point. As mentioned above, models with negative formation
constants are automatically rejected, as are models in which one or more formation
constants is ill-defined, which we take to mean as having a standard deviation of
more than 1/3 of its value.
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Since the objective function (34) is based directly on measured quantities, with
a weight matrix (approximately) equal to the inverse of the variance—covariance
matrix of the observations, theory shows that (U/(n — m))!/? has an expectation value
of 1 [7]). This expectation value is independent of the probability distribution function
of the random experimental errors, though it implies both that the model is correct
and that there are no systematic errors in the data. We have found that values close
to one can be achieved, and that therefore one has an immediate criterion on which
to judge whether a model is acceptable. However, this criterion is critically dependent
on the precision of the error estimates o and gy, and on the assumption that these
errors are independent of volume or measured potential.

H. THE PROGRAM HYPERQUAD

As mentioned in the introduction, there is a need to be able to treat simulta-
neously data obtained by different experimental techniques; ideally the different sets
of data should be complementary. Some programs have been published which can
treat both potentiometric and spectrophotometric data [20]. Considering the advan-
tages of SUPERQUAD over other programs used to reduce potentiometric data, we
have decided to generalize the algorithm so that the data may be potentiometric
and/or spectrophotometric.

Experimentally, we have connected a spectroscopic flow cell to the titration
apparatus so that, after each addition of titrant, we may measure both the electrode
potential and the optical density (at selected wavelengths) of the solution.

The principles of the new program, HYPERQUAD, which is currently under
development, are the same as those of SUPERQUAD. The objective function for
combined data is given in the equation

U=riWerg+r; Wprp (39

where rg is a vector of residuals in EMF and ry, is a vector of residuals in optical
density. The optical density, D, is calculated from the Beer—Lambert law

The summation is taken over all the absorbing species, and d is the optical path
length. ¢; is the molar extinction coefficient of the jth species, whose molar concen-
tration is C;. Equation (40) may be expanded as

D=d[z &;8;,[AT“[BIY ... + £5[A] + e5[B] ] (41)

The parameters to refine are now both the formation constants, g, and those
molar extinction coefficients, &, which are unknown. It can be seen that the optical
density, D, is a non-linear function of the parameters so that the unknown extinction
coefficients must be refined. If spectrophotometric measurements are taken at more
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than one wavelength, as is common practice, the unknown extinction coefficients
must be determined at every wavelength; it is therefore important to choose only
those wavelengths where the absorbance is most sensitive to changes in a species’
concentration.

There are now three kinds of non-zero entry in the Jacobian, dE/df, dD/dp,
and 0D/0e. For the case of one electrode, the Jacobian has the form

! by ... by,
| aqy (lzu €11 -+ Cp
Qo1 Gz - €12 - Cp2
{1}
Qnast Onas2 Cillys ... an"as 47
| b, ... b, 42)
| 211 512 C11 -+ Cma
o Gz C12 - Cp2 {2}
an,,, an,g, Cillys -.. Cpyny,
I {3}

a,-j = SJaD,/asj
bk=ﬁkaE/aﬁk
Cit = B 0D; /0By

The numbers at the right-hand side are the titration point numbers. The form of the
normal equations matrix is shown in (43).

BD, BL,
BD, BL, @)

BD,| BL,

BLT|BLZ\BLY} - | | BB

The blocks BD are square, of order equal to the number of refinable extinction
coeflicients, whilst BB has the order of the number of formation constants to be
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refined. The form of the normal equations is similar to (27), and can be written as

BD BL\ /s(g) g(e)
= (44)

BL" BB) \s() &(P)
s(e) is the vector of shifts on the ¢ parameters and s(p) is the vector of shifts for the
formation constants. g(¢) is the portion of the gradient vector relating to the extinction

coefficients, and g(p) relates to the formation constants. The solution of these equa-
tions has the same form as (29) and (30).

s(f)=[BB— BL"BD 'BL] '[BL"BD 'g(c)—g(B)] 435)

BD is easy to invert because of its block-diagonal structure. The vector of formation
constants is then upgraded and, rather than calculate shifts on the extinction coeffi-
cients by solving (44), the latter are found by a linear least-squares calculation based
on (41). This procedure is similar to that used in MINIQUADY75 in that it constrains
the extinction coefficients to be optimal for the current set of formation constants,
Nevertheless, it should be noted that the shifts for the formation constants are
calculated from a complete set of normal equations; in other programs such as
SQUAD [21] the block BL is effectively set to zero. We believe that using the full
set of normal equations will lead to faster convergence, and it will certainly give
better estimates of the standard deviations on the parameters.

Since the potentiometric and spectrophotometric measurements have intrinsi-
cally different precision, it is of fundamental importance to have good estimates of
all the experimental errors. The estimate oy, is still valid with regard to the electrode
potentials. The errors on the optical densities will depend very much on the spectro-
photometer employed, and will, in general, depend both on the wavelength and on
the actual optical density of each measurement. Moreover, since both types of
measurement are made on the same solution, the “rigorous” method of least-squares
requires that the weight matrix takes correlation of errors into account in dealing
with a potentiometric/spectrophotometric titration.

1. CONCLUSIONS

The use of computer programs to reduce experimental data has resulted in
great advances being made in the study of solution equilibria. The majority of
research workers in the field now use MINIQUAD or SUPERQUAD. The success
of these programs is no doubt due to the fact that they were designed by experimental-
ists for experimentalists. They have opened up many opportunities for new kinds of
experimental work, though the option to use two electrodes has not been as fruitfully
applied as we had hoped. This is due to the poor quality of most ion-selective
electrodes with respect to the glass electrode.

In this review we have concentrated on the mathematical aspects of the data
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reduction. The data itself must be of the highest quality, with careful attention given
to all aspects of experimental procedure such as purification of materials and calibra-
tion of electrodes. Also, the results must be interpreted with great caution, particularly
if “dangerous” parameters such as quantity of substance have been refined. In the
final analysis, the results must be both mathematically and chemically satisfactory.

In developing HYPERQUAD, we hope to improve the species selection process
by using the power of spectrophotometry to discriminate between species on the
basis of where and how much they absorb light together with the power of potenti-
ometry to establish the extent of protonation as a function of pH.
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